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AVERAGING OF AN ORTHOTROPIC ELASTIC PLATE WEAKENED
BY PERIODIC HINGES OF FINITE STIFFNESS

Yu. A. Bogan UDC 539.3

A formal asymptote of a solution of the title problem is constructed using the averaging method
of N. S. Bakhvalov. The averaged equation is of an elliptic type; for small stiffness of the hinge,
it is singularly perturbed, and for zero stiffness of the hinge, it is of a composite type. For the
first boundary-value problem, a solution of the original problem is proved to converge to that
of the limiting problem. A situation where natural boundary conditions are specified for the
composite equation is treated. It is shown that the solution space of the homogeneous problem
is infinite-dimensional.

Introduction. A formal asymptote of a solution of the title problem is obtained using the averaging
method proposed by Bakhvalov [1]. Many problems have been solved by this method under the assumption
that the contact between the component materials is ideal; studies in which the contact was not ideal are
much fewer. Lene and Leguillon [2] studied the averaging problem of the theory of elasticity for a composite
material in the case where viscous friction occurs in an elementary cell at the interface between the fiber and
matrix. Assuming zero stiffness of the periodic hinges, Andrianov et al. [3] derived an averaged equation of a
composite type for a particular case. It should be noted that the conjugation conditions in [3] were incorrect,
namely, the requirement of zero jump in the transverse shear force was not formulated. Below, it is shown that
averaging of a plate weakened by hinges of finite stiffness leads to an elliptic equation; for small stiffness of
the hinge, this equation is singularly perturbed, and for zero stiffness of the hinges, it is of a composite type.
Similar equations were treated in previous papers of the author (see, for instance, [4]). For the first boundary-
value problem, a solution of the original problem is proved to converge to that of the limiting problem. A
situation where the natural boundary conditions are specified for an equation of the composite type has been
studied. It is shown that, in contrast to the elliptic case, the solution space of the homogeneous problem is
infinite-dimensional.

1. We assume that the intersection of a planar domain @ by the z axis is a segment [0, I]. Here (z,y) are
orthogonal Cartesian coordinates in the plane. We divide the segment [0, !} into n equal parts and set € = I/n.
If n is large, € is a small parameter. As a result, the periodic cell coincides with the segment [0, 1}. Using the
Kirchhoff-Love hypotheses, we write the relations between the moments and curvatures for an orthotropic
material in the form
*w 0w
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My ==(Dusy+Dugy),  Mn=—-(Dusg+Dnsy), Maz=-2De—r.
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Here w(z,y) is the deflection (the assumption that the material is orthotropic is used only to simplify the
formulas; subsequent calculations can be performed without this assumption), D;; = D;j(z/e) (1,7 =1, 2, 6)
are functions of the fast variable 5 = z /e that have a period equal to unity. Moreover, we assume that there is
a positive constant ¥ such that the following inequalities (the condition of a positive definite stiffness matrix)
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hold:
DDy — D}y >+ >0, Degs>v>0.

The deflection is determined from the equation

0? 0w 0w 0? 8w 0w o® 0w
5 (P +D12?9?) By 57 (P +D225§?> ~ ety (D663:c3y) =1 (L1)
We specify the following conjugation conditions for n = 1/2:
afdw a[0w
-Mu(e,,1/2+0) = 2[32] ~Mutey1/2-0)= 2[22]; (1.2)
[w] =0, [Nu]=0. (1.3)
Conditions (1.3) imply that the deflection and transverse shear force Ni3 = —9M;;/8z — OMy3/dy are

continuous across the boundary. We assume that the periodic cell of the straight line 5 = 1/2 is divided into
two layers, whose mechanical characteristics can be the same. The coefficient « is positive and is called the
stiffness of the hinge [1). Henceforth, square brackets in formulas designate a jump of the function for 5 = 1/2.
We seek an asymptote of the solution in the form

o0
w® =) "w(z,y,7). (1.4)
n=0
The partial derivative 8/0z in (1.1) is replaced by the total derivative
d 0 10

&8 oy
since we differentiate a composite function. Moreover, the second derivative with respect to z is written as
2 9 2 8 1 8
iz "2 T e gman T 2 e
dz? 022 € 0z8n €2 On
and Eq. (1.1) takes the form
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Substitution of (1.4) into (1.5) yields a recursively coupled system of equations for functions w™(z,y,7)-

To construct an averaged equation, it is necessary to determine only a few leading terms of the expansion.
Setting to zero the coefficient of €%, we obtain the equation

0? 8w’
P 5 (Pu e e Bor) =0

which implies that w®(z,y,n) = w®(z,y). The function w!(z,y,7) is determined from the condition that the
coefficient of ¢~2 vanish:

;1: (Du 662:;1) a@: (2D11 g:;:) + 265;; (Du 062 20) =Q.

Hence, it follows that w! is independent of 5. Similarly, the equation for the function w?(z,y,7) can be
obtained from the requirement that the coefficient of £~2 vanish:

8% &%w? o2 82wl 52 8%w! 5% 8% uw® H2u"
an? (Du on? ) an? (2D11 6:637]) +28x6y (DHW) T o on? (Dn 52 T DmEF_)

)w + Dy 62“’5) =—f. (1.5)
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Therefore, the function w?(z,y,n) satisfies the relation
82 3221)2 8221)0 32 0
a a7 (Dll 61']2 + Dy— 922 + Dig———— a 3 > =0. (16)

fast variable 7, one obtains this condition in the form
G+ im)]
= — — ===+ =% )uw|.
0z2 ¢ 0z0n €2 9n? g=1/2 €L\0z €0y

We now substitute the function w® from formula (1.4) into the conjugation condition (1.2). Introducing the
? 2 & 1 9? O%w®
Dn( + -+ ) + 12-——1—1)5—
Oy
Equating coefficients with the same powers of ¢ on the left and right sides of the last equality, we obtain the
following relations for jumps in the functions w®, w?, and w?:

0%uw° 92wl 5w ouw®  Bw?!
IR
Wonz 1=1/2 ovl Du on? +2D11628n n=1/2 oz + on I’
0?w? Puw? 0%’ ow?  ow! (L.7)
[Du on? +Du o2 + D Oy? ] 0=1/2 a[?r]_ + _Bm—]

It follows from Eq. (1.6) and the conjugation condition (1.7) that
o%w? 5210 92uw®
Du—— pow: +Dn—— 522 + Diz——- o = no1(z, ¥) + p2(z, ),
where ¢1(z) and @2(z) are unknown functions.

The continuity of the deflection and transverse shear force at the interface implies that ¢1(z,y) can be
set equal to zero and the function p2(z,y) has the form

(z,y) = __0‘__(32“"’ N ﬂ)
YT, Y) = 1+ ahgs \ 822 12 392
H
N (1 (D (s Diy(s)? !
12 12
= — _ A - )
A /Dll(S) ds, D11 ds, p= /(D2 (s) Dy (s))ds, 66 /Dse(s) ds
° 0

Setting the coefficient of €® in Eq. (1.5) equal to zero, we obtain the following averaged relations
between the moments and curvatures:

2,,,0 2,,.0
Mi)l:—( a 0w + a2 Bw)
1+ak;; 022 14+ a); 0y?
MO - ~[ adiz 0% ( arl, )azwo]
2 1+alnn Oz? 1+ al; 8y2
32 0
MY, = —2)
12 666 a

and the averaged equation
a o2 0%\ 9% 9w otw® *w'
a9z * Vo) (or )
2. Equation (1.8) retains the elliptic property of the initial equation (1.1). For small ¢, it is singularly

serturbed. Considering the limiting case of Eq. (1.8) for @ — +0 and denoting the limit by u, we obtain the
:quation

(1.8)
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Equation (2.1) is of a composite type with a family of real characteristics z = const of multiplicity 2 and a
pair of complex conjugate characteristics. Similar equations were studied, for example, in [4]. We set w® = y®
in Eq. (1.8) and formulate the first boundary-value problem
Ou®
u® =0, — =0. 2.2
50 B oo (2.2)
One can readily prove that a solution of the original problem (1.8) and (2.2) converges to a solution
of the limiting problem. We now consider exact formulations. Let Q be a bounded planar domain with
a piecewise-smooth boundary 8Q. The following symmetric bilinear form is naturally associated with the
boundary-value problem (1.8), (2.2):

0% 0%u®\ /0% v
da(u®,v) = /1+a/\11 ( Oz + A oyl )(33:2 )‘”a 2) dz dy
aZua 32 62 a 32
+/ (W57 357 + P a5 gy ) (2:3)

Obviously, expression (2.3) can be written as

ao(u”,v) = 1—-:(2—)‘—1— 1(u®,v) + ap(u®,v),
where
o azua 32 o 62 32
a(u ,”)=/( 57 + A1z 3:2 )(6 > /\123 Z)dxdy,
Q

o 8u* 0% 62 @ 62

Let f € L%(Q). The boundary-value problem (1.8), (2.2) admits the variational formulation: Find a
function u® € H3(Q) such that

aa(u®,v) = (f,v) (24)

for any v € HZ(Q). Here ( f,v) is the scalar product in L%(Q). It is known [5] that the function u® is determined
from (2.4) uniquely. For « = +0, we obtain the bilinear symmetric form ao(u®,v) and the corresponding

quadratic form ag(u®,u®). We introduce a Hilbert space V by supplementing the set of functions of class
C§°(Q) by the norm

0%u\? Pu\?  [Ou\? [Ou\? 12
el = [C{ (&) + () + ) +(5) +)eean] ™ (25)
A function u® € V that satisfies the integral identity
ao(v’,v) = (f,v) (2.6)

for any v € V and f € L?(Q) is called a weak solution of the boundary-value problem for Eq. (2.1). For
functions from V, the Poincaré inequality [4] holds:

Ov\?
2 —
/v dxdyéC/(az) dzdy.
Q Q
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A similar inequality is valid for the derivative with respect to y. (Here and below, the constants C' with or
without subscripts are independent of the functions.) Consequently, for v € C§°(Q), the semi-norm

o= () + (2]

is equivalent to norm (2.5). Furthermore, a unique function u® that is a weak solution of problem (2.6) exists.
Indeed, for fixed f € L%(Q), the bilinear form (u®, f) defines a linear continuous functional on V. At the
same time, the inequality ag(u’,u®) > Cplu® > ClﬂuOHV holds. Here the positive constants Cp and C; are
independent of u®. Therefore, according to the Lax-Milgram lemma, there is a unique element u® € V such
that ag(u®,v) = (f,v) for any function v € V, and this is the desired solution. In addition, u®(z,y) satisfies
the boundary conditions
W] =0, il I 0
aQ 9y lag*

Here 8Q* is the noncharacteristic part of the boundary. We now examine the convergence of u® to u°.

Theorem. As o — +0, a weak solution of problem (1.8) and (2.1) converges to a weak solution of
problem (2.6).

Indeed, we have the chain of inequalities

ar(u®,u®) = (£,u%) < | fllollu®llo < I Fllollu{lv- (2.7)

«
aa(u”,u7) = a0(u,u) +

It follows from (2.7) that

32 o azua 2
A ) < Cs. 2.
(az S 28)
Here ||lu)jo denotes the norm in L?(Q). Estimate (2.8) implies that the sequence u® belongs to a bounded
subset of the space V. Hence, from the sequence u® we can separate a slowly converging subsequence in V, for
which we retain the adopted notation. It follows from the second of estimates (2.8) that for any v € C§°(Q),

the term with « in the integral identity (2.1) converges to zero. Indeed, for an arbitrary function from C§°(Q),

we have
0% 0%
1+a)\11|/<8x2 12 3y )(W+/\12W>d$dy|

Iy <Ca  qf

o*u” Puy |1 0% 0% Va d%v 0%
< A O 2] < L )
soC Ozx? + A1 dy? lloll 8z + A Oyl ~ V14 adn Cs oz + ”ay

Here the constants C and C3 are independent of the functions v and u®. The last inequality makes it possible
to pass to the limit for the chosen subsequence in the integral identity (2.4). Thus, the limiting function
satisfies the integral identity (2.6). Since the liming problem has a unique solution, the subsequence has the
same limit.

3. A similar convergence theorem can also be proved for a mixed problem where the deflection and
slope are specified on one part of the boundary and the moments and transverse shear forces on the other
part. However, if the natural boundary conditions are formulated for the limiting problem, a similar theorem
cannot be proved, since in contrast to the elliptic case, the space of solutions of the homogeneous problem is
infinite-dimensional. Inasmuch as the coefficients in Eq. (2.1) are constant, they can be set equal to unity by
appropriate extension of the coordinates. We set w? = u and write Eq. (2.1) in the form

0tu otu
oyt + aaag = -1

Let f = 0. The general solution of the homogeneous equation (3.1) has the form

u(z,y) = ypi(z) + @2(z) + W(z,y),
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where W(z,y) is a harmonic function and ¢;(z) and @y(z) are arbitrary functions. We first consider a
particular case where the domain is the upper half-plane: Q = {(z,y),y > 0}. The natural boundary conditions
have the form

0Au 24
a‘: (z,+0) = fa(z), %y—2<z,+0)=fz(z). (3.2)

Here Au is the Laplacian of the function u. We assume that f; and f2 have a compact support. Then,
1
wi@) =5 [ Ak -1,
-0
and W(z,y) is represented by the convolution:
1 P
We,y) =5 [ K-ty
-_0

Here the kernel K(z —t,y) is calculated from the formula

K(z —t,y) = yln[(z — t)* + y*] + 2y — 2(z — t) arctan

Moreover, W(z, y) satisfies the boundary condition

o*w
—5?;2—(17 +0) = fao(z)

and, hence, it is determined with accuracy up to the term az + b, where a and b are arbitrary constants. The
function p2(z) cannot be determined from boundary condition (3.2); consequently, the solution space of the
homogeneous problem is infinite-dimensional. If the domain Q is arbitrary, the natural boundary conditions

have the form

0 Ou 0
Ezi 5; 0= fi(s), —a;Au cos(n, y) 50 fa(s).

Here fi(s) and fz(s) are specified functions of the arc length. The general solution of the homogeneous
equation with homogeneous natural boundary conditions has the form u = diz + day + o(z) and, therefore,
it is determined with accuracy up to the arbitrary function ¢(z).
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